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1. Durbin-Watson 
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3. Bayesian Information Criterion (BIC) 
4. Akaike’s Information Criterion (AIC) 
5. Accuracy Factor 
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Table 1. Chemical composition (based on DM %) of alfalfa hay used in the study 

 DM OM CP EE NDF ADF NFC 
Alfalfa 92.96 90.40 14.50 1.92 48.31 36.62 25.68 
Dry matter (DM), organic matter (OM), crude protein (CP), ether extract (EE), neutral detergent fiber (NDF), acid detergent fiber (ADF) and non-
fiber carbohydrate (NFC). 
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Table 2. Description of candidate nonlinear mathematical models used in the study 
Model Equation1 Shape parameters Domain 
Exponential y = A. (1 − e�$%) - t ≥ 0 
Michaelis-Menten y = A. t'

t' + k' 
b t ≥ 0 

Mitscherling y = A. (1 − b. e�$%) b t ≥ 0 
Weibull y = A. (1 − e�$%)' b t ≥ 0 
Korkmaz-Uckardes y = A − b. ln(e�$% + 1) b t ≥ 0 
France y = A. (1 − e�($(%�-)�'(√%�√-)) b t ≥ L 
1у: volume of gas at time t, A: asymptotic gas volume, c: rate parameter, L: lag parameter, k: the time at A/2 and e: Napier’s constant 
(2.718218284…) 
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Table 3. Comparisons of the models for their parameter estimates 

 Model1  
Parameter estimates2  EXP MIC MIT WEB KOR FRC P-value 
A 61.512c 68.887a 62.684c 63.663bc 62.317c 68.204ab 0.0005 
c 0.105a - 0.085ab 0.064b 0.101ab 0.011c <.0001 
b - 1.016 0.875 0.628 77.079 0.311 - 
Lag - - - - - 0.374 - 
1 EXP: Exponential, MIC: Michaelis-Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France. 
2A: asymptotic gas volume (ml/200mg DM), c: rate parameter (ml.h-1), b: shape parameter, Lag: lag time (h). 
Means within rows followed by different superscripts are statistically different by Turkey’s test. 
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Fig. 1. Fractional rate of gas production during incubation times. Models were EXP: Exponential, MIC: Michaelis-

Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France 
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Table 4. Comparison of the models for their goodness of fit parameters 

 Model1  
Statistical critera2   EXP MIC MIT WEB KOR FRC P-value 
MSE 7.437a 0.917c 3.996abc 1.879bc 5.528ab 0.852c 0.0005 
R2 0.973c 0.997a 0.986ab 0.993a 0.981bc 0.997a <.0001 
RMAD 2.262a 0.635c 1.544ab 1.004bc 1.863a 0.588c <.0001 
MPE 2.786a 0.066b -1.394c -1.279bc -1.745c 0.003b <.0001 
1EXP: Exponential, MIC: Michaelis-Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France. 
2MSE: mean squares errors, R2: coefficient of determination, RMAD: residual mean absolute deviation, MPE: mean prediction error. 
Means within rows followed by different superscripts are statistically different by Turkey’s test. 



42                 !#�* E�!P>X��;. : 7*�/#  P/# *� ��.)��  B��
 ># 
�R�. S�W�6 A�1��, /��@6 >?�-�)� /# K��� ��.*L ��I�6...  

 

 

 7
��0���. >, 3�� �� (/1%�# /1.�
�� '��N6 �# )��

 
��;. iw��N.MSE  \��1& 
' >, �&
�' )/1-q�,/B�Q  ��&

) �� ����%. )�&+
 =��qZwitering et al., 1990 /0� .(

 
��;.MSE  +R2  (���# �, + '��* V�6/6 ># ��. A� 
'

��%& ��-& )�
�' ��. >, 3�� =�� ����'   #�P 7*�/#

) 3X�&Korkmaz et al., 2011; Lopez et al., 2004 �# �8I .(

 /�'�;. ># >M�6MSE   +R2 ># >, �� }@%. (��.L 3�'

 ��.FRC  +MIC # > 
��;. =�/1�, /Z�PMSE  =�/1%�# +

 
��;.R2 ��. >�� =�# 
' �
 '/-!�" =�/1]# .��1��' ��

 ��. >, 3�� ��� 7
��0MIC  '
�'  #�P 7*�/# 3�!#�c

p�TN&� �L 3!" >,��. )/�8�  . V?� >, 3�� d�4 '��

 
��;.MSE ��. /��� ># 3?X& �L 
' ���# /1�, ��

)France et al., 2005; Huhtanen et al., 2008 
' .( =��

 ��. ��& >NI�T.MIC ��. /��� �# >X��;. 
' )�
�' ��

 ��-& .'�#  #�P 7*�/#  

 
��;.RMAD # > ��-& *�  hP�� A� ����"  7*�/# .3��

 
�;q /� 
��;.RMAD ># /1-q�, (��. A� *� ��.L 3�'

 ���#(���# /1-�'�& /DW >#)( ��%& ����' ��. >, 3�� �L

�'�' 7*�/# 
' )/1]# 3�!#�c +  ��&��6 /R& '
�. '
�' ��

)Peripolli et al., 2014 �+�M :#�T. .(4 
��;. (RMAD 

 ��. 
'EXP ># �N. 
�Z��. *� /1%�# )
�' )��MIC (

WEB  +FRC ) '�#05/0P<((  ��. �# �L U+�D6 �.�MIT  +

KOR  �N.��. =�# 
' .�%& 
�' =�/1�, (���  �
/# )��

 
��;.RMAD ��. 
')��FRC  +MIC .�� ����%.  

 
��;.MPE ��%& /�'�;. =�$&��. ��L >, 3�� =�� ����'

j�� + '
+L/# j�# (��� ����%. /�'�;. ># 3?X& ���  ��#

�� '
+L/# �, �� K��� /# ./�P �� 3�� �MPE  /�'�;. /0�

j�� ���  ��#>!��+ >#  ��� ����%. /�'�;. ># 3?X& ��.

(���# '
+L/# j�#) ���# /1%�#(  
��;.MPE  /�` 
' +  D�.

 /DW ># '�" =�� 
��;. /0� (=��J�� .3�� 3?�. U
�W =��

A�'�&��%& (���# /6 ��-& �'�# /1]# ����'  ��. 7*�/#

3�� )Peripolli et al., 2014 �+�M 
' .(4 ��. 
' (EXP (

 
��;.MPE 786/2 ��. /��� �# �L U+�D6 + �.L 3�' >#�� 

 �N.) �� 
�'05/0P< ��%& 3�NB+ =�� .('�'  /�'�;. >,

j�� ���  ��#>!��+ >#  ��.EXP  ����%. /�'�;. *� /1�,

 ��. pYP /# .(3�� ��� '
+L/# �,) 3�� ���EXP 
' (

��. )��FRC  +MIC  
��;.MPE ># V�6/6003/0  +

066/0  /DW '�" ># A�'�& 
��X# >, '�#'�# ��%& >, ����'

�'�' 7*�/# 
' d�4 ��. +' /1]# 3�!#�c�� .'�#  \��1& >#�%.

/B�Q>NI�T. 
' ( )+�Q �/�M A� )+
 >, )�60  �W
'

��. �# + >�&�� ��. (�� 
��&� S!1@. )��EXP  ># 3?X&

 ��.FRC  )�
�'RMAD ) '�# )/10
�#03/4  E#�;. 
'

53/2 
��;. =��J�� .(MPE ��. 
' V�6/6 ># d�4 )��

4/15  +22/0- ># ��. '�' ��%& >, �.L 3�'EXP  
'

 ��. �# >X��;.FRC  ��-& 7*�/# S�NB 3�� >1��' )/6

)Peripolli et al., 2014.(  

��&���c�# /�'�;. j�,�/� ># m�#/. 
�'��& ����%& >, ����'

 ��-&��. ># m�#/. 7*�/# �����#�-&� ��.* ��Z 
' ��

) 3��Peripolli et al., 2014 E-� 
' (2  .3�� ��� >��
�

 E-� K��� /#2 
' ��&���c�# /�'�;.  0'/1X0 =�/1%�# (

'�14� d�D6� �����#�-&� >�I+� U�"��(  
'  0'/1X0 =�� �.�

��. )��WEB  (MIC  +FRC ��. /��� *� /1�, >, '�# ��

��%& ��-& ����' ��. =�� /1]# 7*�/# /��� ># 3?X& ��

��. ��.* *�) �����#�-&� �
+' o��+� *� (=��J�� .'�# ��60 

��. (�N# ># 3"�� )��EXP (KOR (WEB  +MIT  /�'�;.

j�� '
+L/# ��� ����%. /�'�;. *� /1%�# �
 ���  ��#

�&'/,( ��. 
' �.� )��FRC  +MIC j�� /�'�;. ���  ��#

 ����, ���l6 >, '�# ��� ����%. /�'�;. ># A�'�& 
��X#

.3�� /B�Q j��.*L *� EW�Q  !?c \��1&  

=�#
+' ��.*L ># m�#/. \��1&-  �+�M 
' ��X6�+5  >��
�

 �N. .3�� ���=�#
+' �
�.L ��� 
�'-) ��X6�+DW (

��%& /�'�;.) ���TP >, 3�� �L ����' )�
�' (��&���c�#

 '�P n�& A� ���TP =�# �8I + ��1X�& E;1X.  0��,�/�

��%& 3�NB+ =�� .'
�' '�M+  $1X?�� ��. SNB ����'

�'�' 7*�/# 
'=�#
+' �
�.L >�.�' .3���-) ��X6�+DW (

 =�#0  �64  
��;. 
�;q /� .���#  .DW  ># ��.L 3�' >#

 '�") >�.�' =�� �,/.2��%& (���# /1-�'�& ( 3�� �L ����'

 
' (=��J�� .��1X� E;1X.  0��,�/� )�
�' ���TP >,

 + /DW ) >�.�' =�� */. ># A�'�& '��"�4 '�P  "�& (

.'
�' '�M+ ���TP =�#  $1X?��  

  



 U�;�;<6 �����/
�� �
���/���� ���  .�' U���I�61395 )47 -35                               (                                                       43  

 

 

 

  
Fig. 2. Residual dispersion during incubation period. Models were EXP: Exponential, MIC: Michaelis-Menten, MIT: 

Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France 
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Table 5. Durbin Watson (DW)test results for autocorrelation of the errors 

 Model1  
DW test results2  EXP MIC MIT WEB KOR FRC 
DW 0.170 0.975 0.404 0.546 0.360 1.026 

Minimum 0.124 0.478 0.346 0.398 0.274 0.758 
Maximum 0.279 2.161 0.563 0.788 0.483 1.863 

n 25 25 25 25 25 25 
k 2 3 3 3 3 4 
dlower for P<0.05 1.206 1.123 1.123 1.123 1.123 1.038 
dupper for P<0.05 1.550 1.654 1.654 1.654 1.654 1.767 
H0 Result# Rejected Rejected Rejected Rejected Rejected Rejected 
Distribution of the curves according to the significant (P<0.05) and non-significant (P>0.05) DW values (total curve=12) 

significant 12 9 12 12 12 6 
Non-significant 0 3 0 0 0 4 
Inconclusive 0 0 0 0 0 2 

1EXP: Exponential, MIC: Michaelis-Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France. 
2n: sample size, k: number of independent variable.IfDW<d lower bound, error terms are positively serially correlated, if d lower bound <DW< d 
upper bound, test is inconclusive, and if DW>d upper bound; there is no evidence that the error terms are positively correlated.  
#H0: There is not a significant positive autocorrelation among the errors.  
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Table 6. Shapiro-Wilk test results for normal distributions of errors in different models 

 Model1   
Shapiro-Wilk test results2 EXP MIC MIT WEB KOR  FRC 
W-value 0.861 0.921 0.924 0.951 0.925  0.940 
P-value <0.0100 0.0833 0.0718 0.3436 0.0785  0.2017 
H0 Result# Rejected Accepted Accepted Accepted Accepted  Accepted 
1 EXP: Exponential, MIC: Michaelis-Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France. 
#H0: Data are normally distributed. 
2When sample size is 22 (n=22), in the Shapiro-Wilk Table, the W value for P-value =0.01, 0.05, 0.1, 0.5 and 0.9 are 0.878, 0.911, 0.926, 0.961 
and 0.980, respectively. 
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Table 7. Bayesian and Akaike's information criterions, accuracy factor values and run test after fitting models 

 Model1 
Statistical critera2 EXP MIC MIT WEB KOR FRC 
BIC 53.92 -4.32 40.08 20.54 48.53 -6.47 
AIC 54.63 -3.98 40.42 20.89 48.87 -6.18 
AF 16.94 2.40 7.25 3.67 10.35 2.20 
Distribution of curves according to the number of runs of sign (total curve=12) 
≤ 4 10 0 10 6 11 0 
5-6 2 5 2 5 1 2 
7-8 0 5 0 0 0 8 
≥ 9 0 2 0 1 0 2 

1EXP: Exponential, MIC: Michaelis-Menten, MIT: Mitscherling, WEB: Weibull, KOR: Korkmaz-Uckardes and FRC: France. 
2BIC (Bayesian Information Criterion), AIC (Akaike's Information Criterion) and AF (Accuracy Factor) calculated according to the formula 
proposed by Uckardes and Efe (2014), Wang et al. (2011) and Uckardes and Efe (2014), respectively. 
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Abstract 

In this study, the mathematical models were used for evaluation of ruminal fermentation kinetic of alfalfa hay. These 
models included exponential (EXP), Michaelis-Menten (MIC), Mitscherling (MIT), Weibull (WEB), Korkmaz-
Uckardes (KOR) and France (FRC). The in vitro gas production was carried out in 4 separate periods. Three syringes 
containing feed samples (3 replicates) were considered for each period and the volume of gas produced in each 
period at different incubation times (144 hours) was fitted for these models. Mean Square Error (MSE), coefficient 
determination (R2) and Mean Percentage Error (MPE) were used for models goodness of fit. Durbin-Watson and 
Shapiro-Wilk tests, Bayesian Information Criterion (BIC), Akaike’s Information Criterion (AIC) and Accuracy 
Factor (AF) were used for selection of the best model. The results showed that MSE in FRC (0.852) and MIC (0.917) 
models was lower than that of EXP (7.437) model (P<0.05). However, R2 in FRC and MIC models (0.997 and 
0.997, respectively) was significantly higher than that of EXP (0.973) model (P<0.05). Shapiro-Wilk test showed 
that all models, except EXP model, had normal distributions of the error values. Lower values of BIC, AIC and AF 
showed that FRC (-6.47, -6.18 and 2.20, respectively) and MIC (-4.32, -3.98 and 2.40, respectively) models had 
better goodness of fit compared to other models. Generally, the FRC and MIC models estimated ruminal 
fermentation kinetic of alfalfa hay more accurately. So, these models may be used to describe gas production profiles 
instead of EXP model. 
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