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Abstract

Introduction: Lactation curves are essential tools for understanding milk production patterns in dairy cattle,
providing critical insights for herd management and genetic improvement. Modeling these curves accurately is
vital to predict yield, optimize feeding strategies, and enhance overall productivity. Among the various
approaches, non-linear models such as Wood, Wilmink, Dhanoa, Cappio-Borlino, and Cobby & Le Du have been
widely used to describe the lactation kinetics in Holstein cattle. However, comparative evaluations of these
models' performance under similar conditions remain limited. This study aimed to assess and compare the
goodness-of-fit of these five established models to identify the most suitable for characterizing lactation curves in
Holstein cows, ensuring more precise and reliable production forecasting. Additionally, the possibility of utilizing
the Dynamic Ordinary Least Squares (DOLS) method instead of the traditional nonlinear least squares (LS)
approach for the best-fitted model was investigated to explore potential improvements in estimation accuracy.
Materials and methods: This study utilized milk production records from a dairy farm in Tehran Province, Iran,
under the supervision of the National Animal Breeding Center. The dataset included 1050 test-day records from
the first three lactation periods (1% to 3'), spanning 305 days in milk (DIM). Only cows with a minimum of 10
valid test-day records and lactations exceeding 200 days were considered. Lactation curves were fitted using five
non-linear models, Wood, Wilmink, Dhanoa, Cappio-Borlino, and Cobby & Le Du, implemented in R software
(packages nlme and minpack.lm). Model performance was assessed using goodness-of-fit criteria, including the
coefficient of determination (R?), root mean square error (RMSE), and Akaike Information Criterion (AIC). Upon
identifying the best-performing model, the DOLS method was applied to evaluate its potential for improving
parameter estimation accuracy. This analysis was conducted using records from the first three lactations of eight
Holstein dairy cows.

Results and discussion: Comparative analysis of the five non-linear models revealed the Wood model as the
most statistically suitable for characterizing Holstein lactation curves. While effective, the Wood model
demonstrated limitations under traditional LS estimation, particularly in accurately predicting peak yield
magnitude and timing. These shortcomings stemmed from the LS method's sensitivity to initial parameter values
and its inability to properly synchronize estimated events with observed farm data. Implementation of the DOLS
method substantially enhanced model performance. The DOLS-adapted Wood model showed improved
goodness-of-fit metrics and, crucially, provided more biologically accurate estimates of key lactation events,
including initial yield, peak timing, and peak magnitude. These estimates closely matched actual farm records,
demonstrating superior predictive capability compared to the LS approach. The study confirmed established
biological patterns: third-lactation cows exhibited higher initial yields (o parameter) and greater persistence (lower
¢ parameter values) compared to first-lactation animals. These findings align with known metabolic adaptations
in mature cows and previous reports of lactation curve dynamics. Visual and statistical comparisons revealed
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distinct advantages of the DOLS approach. While both methods achieved reasonable goodness-of-fit, the DOLS-
generated curve showed better alignment with critical lactation points and lower standard errors, particularly for
peak-related parameters. This temporal calibration is essential for practical applications, as even models with high
R? values may yield misleading recommendations if event timing is inaccurate. The results substantiate theoretical
advantages of DOLS in production function estimation, demonstrating its capacity to generate properly calibrated,
differentiable concave functions that faithfully represent biological reality while maintaining statistical rigor.
Conclusions: This study demonstrates that the DOLS method offers substantial improvements over traditional
nonlinear LS for modeling Holstein lactation curves using Wood’s equation. The DOLS approach effectively
addresses critical limitations of conventional nonlinear estimation, particularly its dependence on manual
parameter initialization and its tendency for temporal miscalibration. By providing parameter estimates that align
more closely with biological reality, DOLS enables superior prediction of key lactation traits, including peak yield
and persistence, crucial factors for genetic selection and herd management decisions. The methodological
advantages of DOLS extend beyond statistical performance to practical implementation; its ability to estimate
marginal productivity within the actual lactation timeline while preserving biological plausibility makes it
especially valuable for dairy management applications. These findings suggest that adopting DOLS in breeding
programs and farm management systems could enhance both the accuracy and economic outcomes of production
decisions. While this research presents a novel application of DOLS to lactation modeling, certain limitations
merit consideration. The relatively small sample size, the absence of formal cointegration testing, and unexamined
econometric assumptions, such as stationarity and residual independence, highlight the need for validation with
larger and more diverse datasets. Future studies should examine DOLS performance across different breeds,
management systems, and lactation stages while incorporating appropriate econometric validation procedures.
Nevertheless, this work establishes DOLS as a promising alternative to conventional nonlinear approaches,
offering both theoretical rigor and practical utility for lactation curve analysis in dairy science.
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Table 1. Descriptive table of daily milk production test records in three different lactation periods

RSN CE P P U W N Y 1T SR XY - SR WGy PRC P R PRES

Lactation
1 2 3
Month Max Min SD  Mean Max Min SD Mean Max Min SD Mean
1 58.5 377 7.94 42 65.4 358 12.03 40091 52.8 113 15 40
2 67.2 425 759 5827 69.4 43 847 52.15 56.2 332 773 43.17
3 67 42 6.85 54.5 72 447 793  50.81 63.7 36.6 756 4522
4 64 33.5 9 51 64.5 293 10 48 50.7 26.8 6.58 40
5 59 41 5.64 49.14 68.2 37.5 8.87 46 582 333 7 39
6 60 36.5 6.21 46.11 629 40 826 43.15 404 31.7 832 3722
7 56 375 644 425 59 39 6.63 42 578 294 8 36.55
8 57 30 85 41.22 62 29 8.68 39.55 587 284 866 359
9 50 27.14 8 38 515 30 7.04 37 49 236 7.8 33
10 48 25 7 36.5 45 26.6 7 354 51.3 304 8 31
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Table 1. Nonlinear models of milk production

Function Refrences Formula
Wood Wood (1967) y=atbexp(-ct)
Wilmink Wilmink (1987) y=a + bt + ce 00
Dhanoa Papajcsik & Bodero (1988) y=atPet
Cappio-Borlino Cappio-Borlino et al. (1995) y= atbete)
Cobby & Le Du Cobby & Le Du (1978) y=a—bt—ae™
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Table 3. Estimated values of the parameters of nonlinear models related to the first to third periods of milk
production, fitted to eight Holstein cows

First lactation Second lactation Third lactation
Model Parameter/cow 1 2 3 4 5 6 7 8
a 57.87 38.71 23.36 37.80 41.79 52.53 52.23 52.87
b 0.40 0.25 0.57 0.55 0.56 0.45 0.40 0.57
Wood c 0.13 0.03 0.06 0.12 0.13 0.16 0.11 0.17
R? 78.00 78.00 97.00 73.00 81.00 86.00 71.00 76.00
RMSE 39.01 11.40 10.33 16.37 14.64 26.00 21.25 30.60
AIC 35.32 29.27 25.78 36.09 34.76 33.94 36.15 36.65
a 924.32 316.98 506.65 660.78  673.00 1116.50 508.01 821.60
-36.08 -9.47 -16.46 -23.49 -24.30 -44.95 -18.48 -31.70
c -879.30  -282.38  -49090 -631.90 -631.9 -1079.01 -461.70 -779.10
Wilmink R? 70.00 66.00 86.00 87.00 87.00 85.00 58.00 68.00
RMSE 15.44 12.02 12.50 5.60 9.64 10.94 29.65 27.28
AIC 32.23 29.85 27.69 26.70 29.74 21.38 39.78 39.06
a 57.86 38.70 23.35 37.79 41.79 52.53 52.23 52.87
3.06 8.44 8.77 471 432 2.84 3.57 3.29
Dhanoa c 0.13 0.03 0.06 0.12 0.13 0.16 0.11 0.17
R? 58.00 68.00 89.00 72.00 80.00 65.00 70.00 75.00
RMSE 39.02 11.40 10.33 16.30 14.64 26.16 21.31 30.63
AIC 35.33 29.27 25.79 36.10 34.75 21.40 36.22 37.52
a 46.39 37.59 21.86 31.94 33.51 41.12 42.71 39.19
0.71 0.23 0.53 0.63 0.75 0.72 0.97 1.46
Cappio- Borlino c 0.38 0.05 0.05 0.16 0.20 0.41 0.37 0.43
R? 31.00 67.00 89.00 57.00 62.00 28.00 72.00 71.00
RMSE 64.08 11.46 10.38 25.69 27.58 53.60 19.63 35.76
AIC 29.79 29.32 25.83 41.50 42.35 34.09 35.24 38.20
a 72.08 46.64 39.20 65.70 70.19 65.96 68.58 74.87
3.18 -0.49 -0.70 2.43 2.89 3.53 2.51 3.95
Cobby & Le Du c 1.35 1.49 0.73 0.70 0.75 1.29 1.20 1.02
R? 52.00 67.00 90.00 63.00 74.00 56.00 77.00 79.00
RMSE 45.05 11.65 9.42 21.93 19.10 32.60 16.65 18.34
AIC 36.62 29.50 24.86 39.60 37.92 30.11 33.43 35.09

RMSE: Root mean square error; AIC: Akaike information criterion
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Table 4. Estimation of Wood's lactation curve parameters using the DOLS method fitted for eight Holstein cows

Cow number

| First lactation | Second lactation | Third lactation

Model Parameters 1 2 3 4 5 6 7 8
a 13.50182 10.02337 2.03 13.82 5.55 29.22 0.176  0.0373
b 0.4432 0.3944 0.6225886 0.2905 0.6123474 0/148 1.894 2.4
Wood c 0.00492  0.00164 0.002565143 0.00121 0.0051 0.0009 0.032 0.04
(DOLS) R? 98 99 99 98 98 99 88 92
RMSE 0.15924 0.022 0.0117 0.1235 0.009 0.066 8.7 10.00979
AIC -13.87 -39.148 6.08248 -20.49 -53.88 -19.55  26.3 76.069

RMSE: Root mean square error; AIC: Akaike information criterion

Milk Yield (kg)
0 % 6
| |

4

40

Production Month

Fig. 1. Lactation curve of first parity dairy cows estimated using the nonlinear least squares (LS) method (lower
curve) and the DOLS method (upper curve)
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Table 5. Comparison of LS and DOLS Wood function statistical methods in estimating the initial amount of
milk production, the time to reach peak production, and milk production at the peak of lactation

Early production of milk (kg) Time to peak milk yield (Day) Amount of milk production at the

peak of lactation (kg)
Actual LS DOLS Actual LS DOLS Actual LS DOLS
information information information
52.6 59.164 52.5999 90 91.67 89.9991 63.7 60.64 63.6991
36.5 37.25469 36.49999 241 253.17  240.00066 58.7 51.59 58.71
19.8 23.095 15.61 241 263.09 242711 47.8 45.29 23.32
35.8 7.31232 35.791 240 121.22 239.96 50.8 42.19 50.79
38.2 5.673 38.19 120 129.65 120.0009 56.4 54281  56.2999
47 2.0568 47.0004 151 85.19 150.004 53 53.57 53.0002
43 7.242 43.0005 61 107.181  60.00001 62 58.2 62.00009
40.5 2.0782 40.49 60 98.661  59.99999 64.5 58.8848 64.49991
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Table 6. Comparison of standard error (SE) estimates for initial production and peak lactation yield using
nonlinear least squares (LS) and dynamic ordinary least squares (DOLS) methods

Amount of milk production at the peak of lactation (kg)

Early production of milk (kg)

LS DOLS LS DOLS
9.3636 0.000001 34804855.39 0.000000007494
50.5521 0 0.569556996 0.000000000003
6.3001 212.2849 10.85557525 17.64
74.1321 0.0001 81.547556 0.0000346
4.490161 0.01002 1058.001124 0.0000000000064
0.3249 0.00000004 2019.888648 0.0000000016
14.44 0.000000081 1278.621568 0.0000000032
31.53 0.00000001 1476.227651 0.0000000006
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